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CREDIBILITY USING A LOSS FUNCTION
FROM SPLINE THEORY: PARAMETRIC MODELS

WITH A ONE-DIMENSIONAL SUFFICIENT STATISTIC
Virginia R. Young*

ABSTRACT

Current formulas in credibility theory often estimate expected claims as a function of the sample
mean of the experience claims of a policyholder. An actuary may wish to estimate future claims
as a function of some statistic other than the sample arithmetic mean of claims, such as the
sample geometric mean. This can be suggested to the actuary through the exercise of regressing
claims on the geometric mean of prior claims. It can also be suggested through a particular
probabilistic model of claims, such as a model that assumes a lognormal conditional distribution.
In the first case, the actuary may lean towards using a linear function of the geometric mean,
depending on the results of the data analysis. On the other hand, through a probabilistic model,
the actuary may want to use the most accurate estimator of future claims, as measured by
squared-error loss. However, this estimator might not be linear.

In this paper, I provide a method for balancing the conflicting goals of linearity and ac-
curacy. The credibility estimator proposed minimizes the expectation of a linear combination
of a squared-error term and a second-derivative term. The squared-error term measures the
accuracy of the estimator, while the second-derivative term constrains the estimator to be
close to linear. I consider only those families of distributions with a one-dimensional sufficient
statistic and estimators that are functions of that sufficient statistic or of the sample mean.
Claim estimators are evaluated by comparing their conditional mean squared errors. In gen-
eral, functions of the sufficient statistics prove to be better credibility estimators than functions
of the sample mean.

1. INTRODUCTION

Current formulas in credibility theory often calculate
the net premium as a weighted sum of the average
experience of the policyholder and the average ex-
perience of the entire collection of policyholders. Be-
cause these formulas are linear, they are easy to use.
Another advantage of linear formulas is that the
claim estimate changes a fixed amount per change
in claim experience; if an insurer uses such a for-
mula, then the policyholder can readily calculate the
change in premium. On the other hand, Venter
(1990) points out that in some cases, the loss of ac-
curacy makes a linear formula undesirable, such as
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in the mixture of a lognormal conditional over a log-
normal prior.

An actuary may wish to estimate future claims as
a function of some statistic other than the sample
arithmetic mean of claims, such as the sample geo-
metric mean. This can be suggested to the actuary
through the exercise of regressing claims on the ge-
ometric mean of prior claims. That is, the geometric
mean may prove to be a better explanatory variable
of future claims than the arithmetic mean. It can also
be suggested through a particular probabilistic model
of claims, such as a model that assumes a lognormal
conditional distribution. In the first case, the actuary
may lean towards using a linear function of the ge-
ometric mean, depending on the results of data anal-
ysis. On the other hand, through a probabilistic
model, the actuary may want to use the most accu-
rate estimator of future claims, as measured by
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squared-error loss. However, this estimator might
not be linear.

In an earlier paper (Young 1997), I applied decision
theory to develop a credibility formula that minimizes
a linear combination of a squared-error term and a
second-derivative term. The squared-error term meas-
ures the accuracy of the estimator, while the second-
derivative term constrains the estimator to be close
to linear. The sometimes conflicting goals of accuracy
and linearity can be balanced by changing a single
parameter in this loss function.1 An actuary can
choose the value of the parameter to target a specified
curvature in the resulting claim estimator. This cur-
vature may reflect the confidence that the actuary has
in the model, as suggested by data analysis, versus his
or her belief in the validity of a given probabilistic
model.

The resulting credibility estimator is difficult to cal-
culate analytically in all but a few simple cases. In this
paper, I develop tools by which practitioners can use
this credibility formula more easily in parametric
models. In ongoing research, I examine how to apply
the method using semiparametric models.

Earlier work in credibility theory is reviewed in
Section 2. Section 3 describes the method for calcu-
lating credibility estimates of expected insurance
claims. Sections 4 and 5 consider two parametric
models of claims, for which there is a one-dimen-
sional sufficient statistic. In the first example, the
mixture of a lognormal conditional over a lognormal
prior, a sufficient statistic is the geometric mean of
prior claims. In the second example, the mixture of
an inverse gamma conditional over a gamma prior, a
sufficient statistic is the harmonic mean. In both ex-
amples, functions of the sufficient statistics prove to
be better credibility estimators, in general, than func-
tions of the sample mean. These flexible probabilistic
models can be used to develop claim estimators that
are functions of the geometric mean or the harmonic
mean, respectively.

2. BACKGROUND

2.1 Notation and Assumptions

Assume that the total claims of a risk, or policyholder,
in the i-th policy period, is a random variable

1Our loss function is similar to one used in spline theory, although
in a different context, Cox (1988), Cox and O’Sullivan (1990), and
Wahba (1990).

Xi |(Q5u), or more simply, Xi |u, i51, . . . , n11. In
some instances, Xi |u may represent the random claim
size of the i-th claim. For a fixed value Q5u, assume
that the random variables Xi |u, i51, . . . , n11, are
independent and identically distributed according to
a probability density function (pdf) f (x|u), x∈[a, b], a
possibly infinite interval. Also, assume that the mar-
ginal density of X is non-zero on [a, b], except pos-
sibly at x5a or b, and that all necessary derivatives
and expectations exist.

Assume that the value u is fixed for a given risk,
although it is generally unknown. Denote the pdf of Q
by p(u), also called the structure function (Bühlmann
1970). Bayesians interpret p(u) as the pdf of the prior
distribution of Q—the distribution that represents
one’s uncertainty about the parameter Q before ob-
serving claim data for a given policyholder. This work
holds equally well for discrete Q, but for simplicity of
notation, Q is assumed to be continuous.

The primary goal of credibility theory is to calculate
a net premium for period n11 of a policyholder, given
that the policyholder’s claim experience in the first n
periods is X5x5,x1, x2, . . . , xn.∈[a, b]n. We con-
sider credibility formulas that are not necessarily lin-
ear, denoted by d(x), in which d is a real-valued
function on [a, b]n. We use d throughout this paper
to denote a generic claim estimator that is a function
of the entire claim experience x or of a statistic of x,
such as the sample arithmetic mean, or the geo-x,
metric mean,

n n

P x .= i
i51

(If Xi |u represents the i-th claim, then the credibility
formula estimates the n11st claim amount given the
n claim amounts x1, x2, . . ., xn.)

2.2 Some Earlier Work in Credibility

To estimate the future claims of a risk, Xn11|u, with
unknown u, Bühlmann (1967, 1970) minimizes the
expectation of the squared-error loss function:

2(d(x) 2 E[X |u]) .n11

(Also see Mayerson (1964a) for an earlier paper that
considers Bayesian credibility for some specific claim
models and Mayerson (1964b) for applications of
credibility in property insurance ratemaking.) The re-
sulting premium d(x) is the expectation of Xn11|x,
called the predictive mean; thus,
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d(x) 5 E[X |x] 5 ** E[X |u] p(u|x) du.n11 n11

For simplicity, write µ(x)5E[Xn11|x] to represent the
predictive mean. Throughout, we denote the predic-
tive mean by µ, whether as a function of x itself or of
a statistic of x.

By restricting the form of the renewal premium
d(x) to be an affine combination of the claim expe-
rience, x1, . . ., xn, and by using the same squared-
error loss function, Bühlmann (1967, 1970) obtains
the following linear credibility formula

d(x) 5 (1 2 Z) E[X] 1 Zx,

in which E[X]5EQE[X |u] is the overall mean; Z5
n/(n1k); k5EQVar[X |u]/VarQE[X |u]; and is the sam-x
ple mean. The numerator of k is called the expected
process variance; the denominator, the variance of
the hypothetical means. This linear credibility for-
mula can be viewed as a projection of the predictive
mean onto the space of linear functions. This idea is
discussed further in Section 3.

In certain cases, the predictive mean µ(x) is linear
and, thus, equals the linear credibility formula. Jewell
(1974a, 1974b) verifies conditions under which this
exact credibility occurs: Under certain regularity con-
ditions, exact credibility occurs for probability distri-
butions from the linear exponential family when the
natural conjugate prior is used. Also, see Willmot
(1994) and Herzog (1996) for introductions to credi-
bility theory.

Venter (1990) demonstrates that linear credibility
formulas may lose predictive ability when the predic-
tive mean is not linear. He analyzes the case for which
the conditional distribution is lognormal and the dis-
tribution of Q is also lognormal. He calculates errors
obtained when the linear Bühlmann credibility for-
mula is used in place of the predictive mean.

Venter also notes that the predictive mean in the
mixture of a lognormal conditional over a lognormal
prior is the exponentiation of an affine combination
of the natural logarithms of the data. He, therefore,
proposes that the linear least-squares credibility be
applied to the logarithms of the data and the resulting
expression exponentiated. This credibility formula is
called the loglinear credibility estimator. He exam-
ines the loglinear estimator in the case for which the
conditional distribution is inverse gamma and the dis-
tribution of Q is gamma. We also compute the log-
linear credibility estimator for the inverse gamma-
gamma example (Section 5) and find that it performs
better than the function of the sample mean.

3. METHODOLOGY FOR CALCULATING
CREDIBILITY ESTIMATORS

3.1 Loss Function from Spline Theory

I developed (Young 1997) a credibility formula that
allows an actuary to balance the (sometimes) conflict-
ing goals of accuracy (as measured by a squared-error
term) and of linearity (as measured by a second-
derivative term). We find the credibility estimator
d :[a, b]→R that minimizes the expected loss:

2 2E[(d(x) 2 µ(x)) ] 1 hE[(d"(x)) ], (3.1)

in which is the predictive mean of Xn11 givenµ(x)
and we take the expectation with respect to theX5x,

marginal density of If we let h approach 0, then theX.
optimal d is the predictive mean. At the other ex-
treme, if we let h approach `, then the optimal d con-
verges to the linear Bühlmann credibility estimator.

3.2 Parametric Models with a One-
Dimensional Sufficient Statistic

In an earlier paper (Young 1997), I suggested that the
possible credibility functions d be restricted to be
functions of the statistic because the resulting cred-x
ibility estimator directly generalizes the one of Bühl-
mann. Also, the minimization problem becomes
untractable if d is a function of several variables. Fi-
nally, for the case in which X |u follows a distribution
from a linear exponential family, the sample mean is
a sufficient statistic for u; therefore, the predictive
mean is a function of the sample mean for any prior
on Q.

It is, therefore, natural to ask under what condi-
tions there is a one-dimensional sufficient statistic for
u. Recall that we assume that the Xi |u are iid with pdf
f (x|u) on [a, b]. If a and b are independent of u and
if there exists a one-dimensional sufficient statistic for
the joint density of X1, . . . , Xn, given u, then X |u fol-
lows a distribution from a one-parameter exponential
family, (Lehmann 1991, p. 44).

In this case, X |u has pdf given by

f (x|u) 5 exp[h(u)T(x) 2 B(u)] z h(x),

in which h and B are real-valued functions of u, and
T(x) is a real-valued statistic. Given claim data
X5x5,x1, x2, . . . , xn.∈[a, b]n, a sufficient statistic

for u is T 5 T(xi), or some monotone transfor-nΣi51

mation of T. For the special case of the linear expo-
nential family, T(x)5x, and the sample mean is,
therefore, a sufficient statistic. In general, for a
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one-parameter exponential family, the pdf of the pre-
dictive distribution of Xn11|x is a function of the suffi-
cient statistic T, from which it follows that the
predictive mean is also a function of T, µ(x)5µ(t). In-
deed,

µ(x) 5 E[X |x]n11

5 * E[X |u]p(u|x)du,n11

and

n

p(u|x) } p(u) P f (x |u)i
i51

} p(u) exp[h(u)t 2 nB(u)].

As noted above, we can use any monotone trans-
formation of T as a sufficient statistic. For example, if
X |u follows the conditional lognormal distribution,
then a sufficient statistic for u is

nn

ln(x ) 5 ln P x ,Σ i i~ !i51i51

but the geometric mean,

1/nn

P x ,i~ !i51

is also a sufficient statistic and possibly more appeal-
ing to use in predicting future claims because of its
parallel with the arithmetic mean.

Remark

To see that it is necessary to require [a, b] to be in-
dependent of u for the conditional distribution to be
from an exponential family, consider X |u;U(0, u),
whose support (0, u) depends on u. A sufficient sta-
tistic for u is max(x1, . . . , xn), a one-dimensional sta-
tistic, but the uniform distribution on (0, u) is not
from an exponential family. M

In the parametric examples that follow, we find d :
[a, b]→R to minimize the expected loss:

2 2E[(d(t) 2 µ(t)) ] 1 hE[(d"(t)) ], (3.2)

in which T5t lies in the interval [a, b].
In Sections 4 and 5, we approximate solutions to

the minimization problems (3.1) and (3.2) for the fol-
lowing mixtures of X |u over Q. (See the indicated sec-
tion for the specific parametrization.) We choose to
use the natural conjugate prior for each likelihood,
because in most cases the natural conjugate prior is
flexible enough to allow for a wide range of prior

beliefs and because the calculations are usually more
tractable (Berger 1985).
• Lognormal-lognormal, Section 4: This is the first

case that Venter (1990) considers when he calcu-
lates the linearization error of the Bühlmann cred-
ibility estimator. This model can be used if the sta-
tistic of interest is the geometric mean because it is
a sufficient statistic for the unknown parameter u.

• Inverse gamma-gamma, Section 5: Venter (1990)
considers this case when he computes the lineari-
zation error of the linear Bühlmann credibility es-
timator and of the loglinear credibility estimator.
This model can be used if the statistic of interest is
the harmonic mean because the harmonic mean is
a sufficient statistic.
The next subsection describes how to minimize

(3.1) and (3.2) approximately. Following that, we de-
fine the conditional mean squared error, which we
use to measure accuracy of the various credibility
estimators.

3.3 Approximating d with a Polynomial

Let U denote a sufficient statistic T or the sample
mean Then, we can combine the minimizationX.
problems (3.1) and (3.2) into the single problem of
finding d :[a, b]→R to minimize

2 2E[(d(u) 2 µ(u)) ] 1 hE[(d"(u)) ], (3.3)

in which U5u takes values in the (possibly infinite)
interval [a, b]. Practically, we restrict the interval
[a, b] to be finite by considering an interval that con-
tains nearly all the support of the distribution of U.

The solution to (3.3) is difficult to calculate analyt-
ically in all but a few special cases (Young 1997);
therefore, we approximate the optimal d by applying
finite element methods from numerical analysis
(Prenter 1975). We employ the Rayleigh-Ritz method,
in which one approximates d by projecting the pre-
dictive mean onto a finite-dimensional subspace of a
given space of functions, using an appropriate norm.
(See the Appendix for more details.) This method gen-
eralizes the one used in linear least-squares credibil-
ity, in which one projects the predictive mean onto
the two-dimensional subspace of linear functions.
Similar geometric ideas applied to credibility theory
appear in the work of Gerber and Jones (1975), De
Vylder (1976a, 1976b), Taylor (1977), and De Vylder
and Sundt (1982).

For the finite-dimensional space of functions on
which to project the predictive mean, we choose the
space of m-th degree polynomials on a finite interval
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[a, b], for m a fixed integer, m51, 2, 3, . . . . By the
Weierstrass approximation theorem, we can approxi-
mate any continuous function on a closed, finite in-
terval as closely as we want by a polynomial with
sufficiently high degree m (Hewitt and Stromberg
1965). Consider the basis for the m-th degree poly-
nomials on [a, b] given by the Bernstein-Bezier (BB)
polynomials (de Boor, 1978):

i m2im! (b 2 t) (t 2 a)
B (t) 5 ,im mi!(m 2 i)! (b 2 a)

i 5 0, 1, . . . , m.

Write the approximation of the minimizer d as ad̂
linear combination of m-th degree BB polynomials:

m

d̂ 5 c B . (3.4)Σ i im
i50

Then the system of equations in (A.2) becomes

m b* [B (u) B (u)Σ jm ima$j50

1 h B '' (u) B '' (u)] f (u) du cjm im j%
b

5 * [µ(u)B (u)] f (u), du, (3.5)ima

for each i50, 1, . . . , m. This system defines the ma-
trix equation

Ac 5 v,

in which A5(aij), with aij5E[Bjm Bim1hB ''jmB ''im], and
ni5E[µBim].

3.4 Conditional Mean Squared Error

Consider the following mean squared error, condi-
tional on u, in which the error is the difference be-
tween the claim in period n11, xn11, and the estimate
g(u):

2* * (x 2 g(u)) f (u|u) f (x |u) du dxn11 n11 n11X U

25 * (x 2 E(X |u)) f(x |u) dxn11 n11 n11 n11X

21 * (E(X |u) 2 g(u)) f (u|u) du.n11U

The first term in this sum is independent of the esti-
mator g and of the statistic u, so in the following
sections, we compare values of the conditional mean
squared error

b
2MSE(u) 5 * [E(X |u) 2 g(u)] f (u|u) du, (3.6)n11a

for various estimators g and statistics u, at six per-
centiles of Q.

4. LOGNORMAL-LOGNORMAL

The lognormal distribution is often used by actuaries
to model the distribution of claim severity. It is also
used to model the distribution of total claims in some
lines of insurance, such as health insurance. In this
section, we compute claim estimators for a mixture
of a lognormal conditional over a lognormal prior and
compare them via their conditional mean squared er-
rors. We model the lognormal-lognormal mixture as
follows:

2

1 1 x
f (x|u) 5 exp 2 ln , x . 0,~ !2 @ #$ %=sx 2p 2s u

in which s.0 is a known parameter, and
2

1 1 u
p(u) 5 exp 2 ln , u . 0,~ !2 @ #$ %=tu 2p 2t µ

in which µ.0 and t.0 are known parameters. That
is, (lnX)|u;N(lnu, s2), and lnQ;N(lnµ, t2). The
marginal distribution of X is also lognormal; lnX;
N(lnµ, s21t2).

Given claim data for a specific policyholder,
X5x5,x1, x2, . . . , xn.∈[0, `]n, a sufficient statistic
for u is the geometric mean,

1/nn

t 5 P x .i~ !i51

The distribution of T given u, is lognormal with

2s
lnT |u ; N lnu, .~ !n

Therefore, the marginal distribution of T is also log-
normal with

2s
lnT ; N lnµ, .~ !2n 1 t

The posterior distribution of Q|x is lognormal
because we use the conjugate prior; (lnQ)|x;
N(lnµ*, t*2), in which

2 2 2 2 2 2(nt )/(s 1nt ) (s )/(s 1nt )µ* 5 t µ ,

and

2 2s t
2t* 5 .

2 2s 1 nt
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TABLE 1
LOGNORMAL-LOGNORMAL CONDITIONAL MEAN SQUARED ERRORS

Percentile of u

1 10 50 75 90 99

u 0.037 0.163 1.000 2.596 6.125 26.84
E(X|u) 0.275 1.206 7.389 19.18 45.26 198.3
Conditional Mean Squared Errors

Functions of the sample arithmetic mean
Sample mean 1.354 26.00 975.5 6,572 36,595 702,786
Bühlmann credibility 357.1 324.3 148.7 14.75 654.5 30,404

Functions of the sample geometric mean
Predictive mean 5.125 26.12 164.4 397.3 908.9 14,057
Linear credibility 90.52 88.91 77.26 220.7 1,046 17,115
d̂ 54.12 57.30 113.9 365.2 1,097 14,262

Thus, the predictive distribution of Xn11|x is lognor-
mal; (lnXn11)|x;N(lnµ*, s21t*2). It follows that the
predictive mean is a function of t, as expected:

µ(t) 5 E(X |x)n11

2 2 2 2 2 2(nt )/(s 1nt ) (s )/(s 1nt )5 t µ
2 2 2s (s 1 (n 1 1) t )

exp . (4.1)~ !2 22(s 1 nt )

Note that the predictive mean approaches a multiple
of t as n gets large. Also, note that the linear Bühl-
mann credibility estimator is given by

2 2s 1 t
(1 2 Z) µ exp 1 Zx,~ !2

in which and
2 2t sn e (e 21)

Z 5 , k 5 .
2tn1k e 21

Example 4.1 (Similar to Venter 1990)

Let the lognormal-lognormal parameters be s254,
µ51, and t252. In this case, E(X)520.086 on some
scale, say $000s. Suppose we have n53 years of claim
experience. The expectation of the process variance
is E(Var(X |u))5159,774, and the variance of the hy-
pothetical means is Var(E(X |u))52,578. Therefore,
the linear Bühlmann credibility weight is rather small,
Z50.046.

Let be the function of the sufficient statistic T5td̂
that is the credibility estimator obtained from the
Rayleigh-Ritz method by projecting the predictive
mean onto the space of fifth-degree polynomials on
[e25, e5], as given by (3.4) and (3.5). We chose the
fifth-degree polynomials so that the overall mean
squared error

5e
ˆ 2* (µ(t) 2 d(t)) f (t) dt25e

is small relative to
5e

2* µ(t) f(t) dt25e

when h50. The interval [e25, e5] contains nearly all
the distribution of T according to numerical calcula-
tion on Mathcad Plus 6.0; indeed,

5e* f(t) dt 5 0.994.25e

The linearization penalty h can be chosen so that
the curvature of is some fraction of that of the pre-d̂
dictive mean or so that the curvature is no more than
some absolute amount. The curvature of a function g
can be measured by

2* (g''(t)) f(t) dt;

in this case, the parameter h acts as a Lagrange mul-
tiplier. For this example, we used the maximum of the
second-derivative squared maxt∈[a,b] (g"(t))2 as a mea-
sure of curvature and targeted the specific value of
0.005. When h50, the maximum of the second-deriv-
ative squared of is 0.085. To achieve a curvature ofd̂
no more than 0.005, the value of h is 47,500. In gen-
eral, the curvature can be chosen to reflect the de-
sired degree of linearity versus accuracy; the targeted
curvature can also reflect the confidence we have in
the probabilistic model.

See Table 1 for a comparison of the conditional
mean squared errors for estimators that are functions
of the geometric mean t and the arithmetic mean x.
The credibility estimator that is a linear function of t
is the limiting estimator as h approaches infinity in
(3.2).
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See Figure 1 for a graph of the predictive mean and
of the fifth-degree polynomial From Table 1, wed̂.
learn that no claim estimator is uniformly best, as
measured by conditional mean squared error, over all
the values of u considered. In general, the estimators
that are functions of the geometric mean have lower
mean squared errors than those that are functions of
the arithmetic mean. The mean squared errors of the
fifth-degree polynomial lie between those of the pre-d̂
dictive mean and those of the credibility estimator
that is a linear function t, for all but one value of u.
Of all these estimators, we recommend using the fifth-
degree polynomial because its conditional mean
squared errors are of the same order of magnitude as
those of the predictive mean (except for small u) and
because its curvature is very low relative to that of
the predictive mean, which has infinite curvature at
zero (and curvature of 8.4173106 at a5e25).

FIGURE 1
FIFTH-DEGREE POLYNOMIAL CLAIM ESTIMATOR

5. INVERSE GAMMA-GAMMA

In this section, we compute claim estimators for a
mixture of an inverse gamma conditional over a
gamma prior and compare them via their conditional
mean squared errors. The inverse gamma-gamma
mixture is given as follows:

ru
2r21 2u/xf(x|u) 5 x e , x . 0,

G(r)

in which r.0 is a known parameter, and

ab
a21 2bup(u) 5 u e , u . 0,

G(a)

in which a.0 and b.0 are known parameters. That
is, (1/X)|u;G(r, u), and Q;G(a, b). The marginal dis-
tribution of X has pdf

a a21G(r 1 a) b x
f(x) 5 z , x . 0,

r1aG(r)G(a) (1 1 bx)

and expectation

a
EX 5 , r . 1.

b(r 2 1)

Given claim data for a specific policyholder,
X5x5,x1, x2, . . . , xn.∈[0, `]n, a sufficient statistic
for u is the harmonic mean

n
1

t 5 n .Σ/i51 xi

The distribution of T given u is inverse gamma with
(1/T)|u;G(nr, nu). Therefore, the marginal distribu-
tion of T is given by the pdf

a nrG(a 1 nr) b (n/t)
f(t) 5 z , t . 0.

a1nrG(a)G(nr) t(b 1 n/t)

The posterior distribution of Q|x is gamma because
we use the conjugate prior; Q|x;G(a1nr, b1n/t).
Thus, the predictive distribution of Xn11|x is similar to
the marginal distribution of X with a replaced with
(a1nr) and b replaced with (b1n/t). It follows that
the predictive mean is a function of t, as expected:

a 1 nr
µ(t) 5 E(X |x) 5 . (5.1)n11 (b 1 n/t)(r 2 1)

Note that the predictive mean approaches a multiple
of t as n approaches infinity.

The linear Bühlmann credibility estimator is given
by

a
(1 2 Z) 1 Zx,

b(r 2 1)

in which Z5n/(n1k), and k5(a11)/(r22). The log-
linear credibility estimator (Venter 1990) is given by

n nz21ab G(r)G(a) z
exp ln x ,Σ@ # i~ !

i51r 2 1 G(r 2 z/n)G(a 1 z/n) n
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in which and 5[C'(r)]/[C'(a)]. The˜ ˜z5n/(n1k), k
term C is the digamma function, or the derivative of
the natural logarithm of the gamma function.

Example 5.1 (Similar to Venter 1990)

Let the inverse gamma-gamma parameters be r53,
a510, and b50.1. In this case, E(X)550 on some
scale, say $000s. Suppose we have n53 years of claim
experience. The expectation of the process variance
is E(Var(X|u))52,750, and the variance of the hypo-
thetical means is Var(E(X|u))5250. Therefore, the lin-
ear Bühlmann credibility weight is a bit larger than in
Example 4.1, Z50.214.

Let be the function of the sufficient statistic T5td̂
that is the credibility estimator obtained from the
Rayleigh-Ritz method by projecting the predictive
mean onto the space of fifth-degree polynomials on
[e2, e5], as given by (3.4) and (3.5). We chose the fifth-
degree polynomials so that the overall mean squared
error

5e
ˆ 2* (µ(t) 2 d(t)) f(t) dt2e

is small relative to
5e

2* (µ(t)) f(t) dt2e

when h50. The interval [e2, e5] contains nearly all of
the distribution of T according to numerical calcula-
tion on Mathcad Plus 6.0; indeed,

5e* f(t) dt 5 0.998.2e

As in Example 4.1, we used the maximum of the sec-
ond-derivative squared maxt∈[a,b] (g"(t))2 as a measure of
curvature and targeted the specific value of 0.0001.
When h50, the maximum of the second-derivative
squared of is 0.00463. To achieve a curvature of nod̂
more than 0.0001, the value of h is 110,000.

See Table 2 for a comparison of the conditional
mean squared errors for the estimators that are func-
tions of the arithmetic mean and the harmonicx
mean t. The credibility estimator that is a linear func-
tion of t is the limiting estimator as h approaches in-
finity in (3.2). We also include the loglinear credibility
estimator.

See Figure 2 for a graph of the predictive mean and
of the fifth-degree polynomial From Table 2, wed̂.
learn that no claim estimator is uniformly best, as
measured by conditional mean squared error, over all
the values of u considered, as occurred in Example
4.1. In general, the estimators that are functions of
the harmonic mean have lower mean squared errors
than those that are functions of the arithmetic mean.
The mean squared errors of the fifth-degree polyno-
mial lie between those of the predictive mean andd̂
those of the credibility estimator that is a linear func-
tion t, for all but one value of u. Again, the fifth-degree
polynomial could be used because its conditional
mean squared errors are of the same order of mag-
nitude as those of the predictive mean, and its cur-
vature is very low relative to that of the predictive
mean, which has curvature 0.012 at a5e2. Also, in
this case, the loglinear credibility formula performs
well.

TABLE 2
INVERSE GAMMA-GAMMA CONDITIONAL MEAN SQUARED ERRORS

Percentile of u

1 10 50 75 90 99

u 41.30 62.21 96.69 119.1 142.1 187.8
E(X|u) 20.65 31.11 48.34 59.57 71.03 93.92
Conditional Mean Squared Errors

Functions of the sample arithmetic mean
Sample mean 142.2 322.5 779.0 1,183 1,682 2,940
Bühlmann credibility 538.3 235.2 37.47 110.8 350.3 1,325

Functions of the sample harmonic mean
Predictive mean 167.7 145.4 65.79 77.19 196.4 882.1
Linear credibility 321.6 153.2 53.52 109.1 263.3 870.6
d̂ 256.8 140.5 62.81 98.80 224.6 837.8

Function of the sample geometric mean
Loglinear credibility 222.5 151.1 73.95 104.9 230.6 828.5
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FIGURE 2
FIFTH-DEGREE POLYNOMIAL CLAIM ESTIMATOR

6. SUMMARY AND CONCLUSIONS

In this paper, we demonstrated how to approximate
the minimizing solution of

2 2E[(d(u) 2 µ(u)) ] 1 hE[(d ''(u)) ],

by using techniques from approximation theory. Spe-
cifically, we showed how to calculate the projection
of d onto a finite-dimensional space of functions by
using the norm defined by the loss function. We re-
stricted our work to those families of distributions for
which there exists a one-dimensional sufficient statis-
tic, such as the geometric or harmonic mean, and
considered estimators that are functions of that suf-
ficient statistic or of the sample mean. We evaluated
various claim estimators by comparing their condi-
tional mean squared errors, evaluated at six percen-
tiles of the parameter.

In practice, an actuary may wish to apply tech-
niques from point estimation to fit parametric loss
distributions (Hogg and Klugman 1984) and then ap-
ply the method described in this paper to compute a
credibility estimator. Thereby, the actuary will trade
accuracy for linearity—this trade-off can be especially
desirable if the actuary has less than full confidence
in the probabilistic claim model. In future research,
we examine the problem of determining credibility es-
timators in a semiparametric setting.
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APPENDIX

MINIMIZING (3.2) USING THE
FRAMEWORK OF AN INNER PRODUCT
SPACE OF FUNCTIONS

Most of the material in this appendix is from Pren-
ter (1975) and de Boor (1978); also see Young (1997)
for additional background specific to this problem. Let
L2[a, b] represent the space of real-valued functions
on [a, b] that are square-integrable with respect to
the measure determined by f(u)du. Define an inner
product on L2[a, b] by

b

^z , z & 5 * z (u) z (u) f(u) du 5 E[z (u) z (u)].1 2 f 1 2 1 2a

In Young (1997), we show that the solution d to the
minimization problem (3.3) lies in the space of func-
tions F defined as follows:

Definition

Let F be the linear subspace of L2[a, b] of functions
{z:[a, b] → R} that satisfy the properties:

(a) b
2* [z(u)] f(u) du , `.

a

(b) If z is in F, then

lim [ f(u) z''(u)] 5 0,
x→a,b

and

lim [ f(u) z''(u)]' 5 0.
x→a,b

(c) If z1 and z2 are in F, then

lim z' (u) [ f(u) z''(u)] 5 0,1 2
x→a,b

and

lim z (u) [ f(u) z''(u)]' 5 0.1 2
x→a,b

We also assume that if z is in F and if µ(u) is the
predictive mean, then

lim µ'(u) [ f(u) z''(u)] 5 0,
x→a,b

and

lim µ(u) [ f(u) z''(u)]' 5 0.
x→a,b

M

Remark

Note that if we define the linear operator Lf on F by

h
L (z)(u) 5 ( f(u)z''(u))'' 1 z(u),f f(u)

then

^z , L z & 5 ^L z , z & ≥ 0,1 f 2 f f 1 2 f

for z1, z2 in F. Thus, ^z1, z2&L[^Lf z1, z2&f defines a new
inner product on the subspace F. M

Now, let {f0, f1, . . . , fm} be a linearly independent
subset of functions in F, and let Fm be the span of
{f0, f1, . . . , fm}. The Rayleigh-Ritz method consists
of finding the least-squares fit dm∈Fm to the minimiz-
ing solution d∈F with respect to the inner product
given by ^z1, z2&L5^Lf z1, z2&f. That is, dm solves the
following minimization problem:

˜ ˜˜min , d 2 d, d 2 d . .d∈F Lm

This problem is equivalent to finding dm∈Fm that min-
imizes

2 2E[(d(u) 2 µ(u)) ] 1 hE[(d"(u)) ]. (A.1)

For example, if Fm were the subspace of linear func-
tions, then dm would be the linear least-squares esti-
mate of µ.

If we write

d 5 c f 1 c f 1 . . . 1 c f ,m 0 0 1 1 m m

in which the ci, i50, 1, . . . , m, are real constants,
then the ci satisfy the following system of equations

m

, f , f . c 5 , µ, f . ,Σ j i L j i f
j50

for i50, 1, . . . , m. This system becomes

m b* [f (u) f (u)Σ j ia$j50

1 hf''(u) f''(u)] f(u) du cj i j%
b

5 * [µ(u)f (u)] f(u) du, (A.2)ia

for i50, 1, . . . , m. By noticing that
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b

, f , f . 5 * [f (u) f (u)j i L j ia

1 hf''(u) f''(u)] f(u) duj i

defines an inner product on a less restrictive space
than Fm, we can expand Fm to include functions f on
[a, b] for which

b
2 2* [f(u) 1 hf''(u) ] f(u) du , `.

a

DISCUSSIONS

F. ETIENNE DE VYLDER*
Dr. Young considers a very general problem in cred-

ibility theory, and she solves it numerically by a poly-
nomial approximation under particular distribution
assumptions. Hereafter I reconstruct the steps leading
to this beautiful problem, and I indicate another
solution.

1. A Triple Generalization of Bühlmann’s
Linear Credibility Problem

We consider the random vector

(Q, X , X , . . . , X , X ), (i)1 2 n n11

where X1, . . . , Xn11 are square-integrable random var-
iables conditionally iid for fixed Q. The distribution
of (i) is determined by the couple

(distribution of Q, distribution of X /Q5u), (ii)i

where the conditional distribution depends on u but
not on i51, . . . , n11. The random variables X1, . . . ,
Xn are regarded as observable, but not Xn11. Of course,
the structure variable Q is not observable.

Bühlmann approximates E(Xn11/Q) by a1bT, where
T5(X11. . .1Xn)/n. Precisely, Bühlmann’s problem is
to minimize the expectation

2E[E(X /Q) 2 (a 1 bT)] (iii)n11

by the optimal choice of the real numbers a and b.
The following is a triple generalization of this
problem.

*F. Etienne De Vylder, Ph.D., is a former Professor of Actuarial Sci-
ence at a Belgian university. He can be reached at Broederlijke-
Weversplein 32, 9000 Gent, Belgium.

(a) Instead of the mean T, more general statistics
T5w(X1, . . . , Xn) are considered.

(b) Instead of affine functions a1bT, more general
functions d(T) of T are allowed.

(c) A compromise between proximity to E(Xn11/Q)
and linearity is introduced.

The general problem is to minimize

2 2E[E(X /Q) 2 d(T)] 1 h E[d ''(T)] (iv)n11

by the optimal choice of the function d(z) (with ob-
vious properties implied by the statement of the prob-
lem). Here h≥0 is a fixed constant. The linearity
impact is weak when h is small. It is strong when h is
large.

2. A Related Credibility Problem

Instead of (iv), Dr. Young considers the minimization
of

2 2E[E(X /X , . . . , X ) 2 d(T)] 1 h E[d ''(T)] (v)n11 1 n

by the optimal choice of d(z). Hence, she replaces the
conditional expectation E(Xn11/Q) by the predictable
mean E(Xn11/X1, . . . , Xn). In the Bühlmann case, the
problems defined by (iv) and (v) are equivalent; that
is, they have the same solution. This equivalence re-
mains if the predictive mean is replaced by Xn11 in
(v). In the general case, the solutions of both prob-
lems are probably close to each other. Anyway, the
problem defined by (v) is interesting enough, and it
can be considered for itself.

Dr. Young’s numerical tests based on the evaluation
of the conditional mean squared error MSE(u) seem
to indicate that she indeed regards the solution of the
problem defined by (v) as an approximation of the
solution of the initial general problem. Both problems
remain impossible, analytically as well as numeri-
cally, if no further distribution assumptions are intro-
duced. We notice that the expectations involved in
(iv) and (v) are multiple integrals depending on the
distributions (ii).

3. Reduction to a One-Dimensional
Problem

A decisive step performed by Dr. Young is the detec-
tion of triples

(distribution of Q, distribution of X /Q, statistic T)i

(vi)

with the following properties.
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(a) The predictive mean E(Xn11/X1, . . . , Xn) can be
expressed as a deterministic function µ(T) of the
statistic T.

(b) The function µ(z) can be found analytically (or
can be evaluated very simply).

(c) The density f(z) of T can be found analytically
(or can be evaluated very simply).

Then the problem becomes the minimization of

2 2E[d(T) 2 µ(T)] 1 h E[d ''(T)] (vii)

by the optimal choice of d(z). Now only one-dimen-
sional integrals are involved. This allows the research
of a numerical solution.

Triples (vi) with properties 3a, 3b, and 3c result
from the statistical theory of point estimation related
to exponential families of distributions, priors, con-
jugate priors and sufficient statistics. Only one-
parameter families can be considered because d(T) is
a function of a single statistic T.

4. The Numerical Optimization Problem

Let us assume that the density f(z) of T vanishes out-
side the interval [a, b]. Then (vii) equals

2* [d(t) 2 µ(t)] f(t)dt
[a,b]

21 h * [d ''(t)] f(t)dt. (viii)
[a,b]

Neglecting some small amount of probability mass if
necessary, it can be assumed that the interval [a, b]
is bounded in practice.

Dr. Young looks for the best function d(z) in the
class of polynomials of the fifth degree on [a, b], and
she determines this polynomial in two examples. I
here indicate another method for finding d(z) numer-
ically. It is based on a discretization of the integrals
of (viii). Let d.0 be the span of the discretization. Let
a5md, b5(m1n)d, where m≥0 and n.0 are integers.
Let

d 5 d((m1i)d), µ 5 µ((m1i)d),i i

f 5 f((m1i)d) (i50, 1, . . . , n).i

It is assumed that f0≥0 and fi.0 (i51, . . . , n). We
consider the following approximations. They are as-
ymptotically exact as d↓0 (under obvious regularity
assumptions on the involved functions).

2 2* [d(t)2µ(t)] f(t)dt ' (d 2µ ) f d,Σ i i i[a,b] 0≤i≤n

d 2 2d 1 di21 i i11d ''((m1i)d) ' (i51, . . . , n21),
2d

2
d 2 2d 1 di21 i i112* [d ''(t)] f(t)dt ' f d.Σ @ # i[a,b] 21≤i≤n21 d

Hence, the discrete version of the problem is the min-
imization of

2 2Q 5 (d 2µ ) f 1 h (d 2 2d 1 d ) fΣ Σi i i i21 i i11 i
0≤i≤n 1≤i≤n21

by the optimal choice of d0, d1, . . . , dn. Here h5h/d4.
Let us take ci5di2µ i (i50,1, . . . , n) as unknown
quantities. Then

2Q 5 c f 1 h (gΣ Σi i i21
0≤i≤n 1≤i≤n21

21 c 2 2c 1 c ) f , (ix)i21 i i11 i

where

g 5 µ 2 2µ 1 µ (i51, . . . , n21).i21 i21 i i11

The annulation of the partial derivative of Q with re-
spect to cj ( j50,1, . . . , n) furnishes the equations

c f 1 h(g 1 c 2 2c 1 c ) f 5 0, (x0)0 0 0 0 1 2 1

c f 2 2h(g 1 c 2 2c 1 c ) f1 1 0 0 1 2 1

1 h(g 1 c 2 2c 1 c ) f 5 0, (x1)1 1 2 3 2

c f 1 h(g 1 c 2 2c 1 c ) f 2 2h(g 1 c2 2 0 0 1 2 1 1 1

2 2c 1 c ) f 1 h(g 1 c 2 2c 1 c ) f 5 0, (x2)2 3 2 2 2 3 4 3

c f 1 h(g 1 c 2 2c 1 c ) f 2 2h(g 1 c3 3 1 1 2 3 2 2 2

2 2c 1 c ) f 1 h(g 1 c 2 2c 1 c ) f 5 0, (x3)3 4 3 3 3 4 5 4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

c f 1 h(g 1 c 2 2c 1 c ) fn22 n22 n24 n24 n23 n22 n23

2 2h(g 1 c 2 2c 1 c ) fn23 n23 n22 n21 n22

1 h(g 1 c 2 2c 1 c ) f 5 0, (xn22)n22 n22 n21 n n21

c f 1 h(g 1 c 2 2c 1 c ) fn21 n21 n23 n23 n22 n21 n22

2 2h(g 1 c 2 2c 1 c ) f 5 0, (xn21)n22 n22 n21 n n21

c f 1 h(g 1 c 2 2c 1 c ) f 5 0. (xn)n n n22 n22 n21 n n21

By summation, Σ ci fi50; that is, Σ di fi5Σ µ i fi.
The continuous version of the latter relation
(for d↓0) is Ed (T )5Eµ(T ). But Eµ(T )5E(Xn11).
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Hence Ed(T)5E(Xn11). This relation guarantees an
equilibrium in the portfolio when the insureds pay the
premium d(T).

5. Numerical Solution of the Linear
System

Let ri5fi /fi11 (i50, 1, . . . , n21). Let c05a and c15b.
Then, by relations (x0), (x1), . . . , (xn22),

c 5 a, (xi0)0

c 5 b, (xi1)1

c 5 2c r /h 2 (g 1 c 2 2c ), (xi2)2 0 0 0 0 1

c 5 2c r /h 1 2(g 1 c 2 2c 1 c )r3 1 1 0 0 1 2 1

2 (g 1 c 2 2c ), (xi3)1 1 2

c 5 2c r /h 2 (g 1 c 2 2c 1 c )r rj12 j j j22 j22 j21 j j21 j

1 2(g 1 c 2 2c 1 c )rj21 j21 j j11 j

2 (g 1 c 2 2c )j j j11

( j52, 3, . . . , n23, n22) (xij12)

and by (xn21) and (xn),

c /h 1 (g 1 c 2 2c 1 c )rn21 n23 n23 n22 n21 n22

2 2(g 1 c 2 2c 1 c ) 5 0, (xii1)n22 n22 n21 n

c /h 1 (g 1 c 2 2c 1 c )r 5 0. (xii2)n n22 n22 n21 n n21

By the relations (xi0), (xi1), . . . , (xin), the numbers
c0, c1, . . . , cn can successively be obtained as affine
functions of a and b (but it is not necessary to per-
form these eliminations analytically). Then, by sub-
stitution in (xii1) and (xii2), the first member of these
relations also is an affine function of a and b. Let
these first members be xa1yb1z and x'a1y'b1z'.
The unknown coefficients x, y, z and x', y', z' can be
found numerically. Indeed, for a50 and b50, we ob-
tain z and z'. For a51 and b50, we obtain x1z and
x'1z', hence x and x'. For a50 and b51, we obtain
y1z and y'1z', hence y and y'. Then it is enough to
fix a and b in such a way that xa1yb1z50 and
x'a1y'b1z'50, that is,

yz' 2 zy' zx' 2 xz'
a 5 , b 5 .

xy' 2 yx' xy' 2 yx'

As far as I know, this is a rather original procedure.
It is obvious to what kind of linear systems it can be
extended.

As an illustration, this method is applied to Dr.
Young’s Example 5.1 (inverse gamma-gamma) with
her numerical values r53, a510, b50.1, and n53 (of
course, here a, b and n are not those considered be-
fore). As integration interval [a,b], we take [0, 200]
instead of [e2,e5] and consider different values of h
(including the value 110,000 treated by Dr. Young).
Numerical values f(t), µ(t), and c(t)5d(t)2µ(t) are re-
produced in Table 1. They have been evaluated with
d51. Smaller values of d do not sensibly improve the
results. It is safe to work with the greatest precision,

TABLE 1
NUMERICAL VALUES OF f(t), m(t), AND c(t) 5 d(t) 2 m(t)

c (t)

t f (t) m(t) h5103 h5104 Young h5106 h5107 h5108 h5109

0 0.000000 0.00 13.37 19.71 25.51 28.84 30.10 30.29 30.31
10 0.003133 23.75 2.29 5.28 8.66 10.82 11.67 11.80 11.82
20 0.023120 38.00 20.23 0.15 1.29 2.30 2.74 2.81 2.82
30 0.027821 47.50 20.20 20.91 21.46 21.50 21.44 21.43 21.43
40 0.019807 54.29 0.08 20.41 21.75 22.62 22.91 22.96 22.96
50 0.011637 59.34 0.13 0.33 20.79 22.12 22.70 22.79 22.80
60 0.006425 63.33 0.09 0.76 0.66 20.64 21.37 21.49 21.50
70 0.003476 66.50 0.05 0.81 2.12 1.43 0.73 0.60 0.56
80 0.001890 69.09 0.03 0.63 3.26 3.80 3.36 3.26 3.24
90 0.001044 71.25 0.02 0.39 3.94 6.24 6.36 6.34 6.34

100 0.000589 73.08 0.02 0.19 4.12 8.58 9.36 9.75 9.76

110 0.000340 74.64 0.01 0.08 3.87 10.68 13.08 13.41 13.44
120 0.000200 76.00 0.01 0.04 3.30 12.43 16.63 17.27 17.34
130 0.000121 77.19 0.01 0.03 2.56 13.37 20.23 21.28 21.40
140 0.000074 78.24 0.01 0.04 1.77 14.66 23.84 25.42 25.49
150 0.000047 79.17 0.00 0.04 1.04 15.11 27.43 29.66 29.91
160 0.000030 80.00 0.00 0.03 0.45 15.16 31.00 33.99 34.32
170 0.000019 80.75 0.00 0.03 0.01 14.88 34.53 38.39 38.81
180 0.000013 81.43 0.00 0.02 20.28 14.34 38.05 42.84 43.37
190 0.000009 82.05 0.00 0.03 20.46 13.77 41.58 47.36 47.99
200 0.000006 82.61 0.01 0.07 20.56 13.15 45.14 51.92 52.67
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for instance, to use the extended real number data
type in Pascal.

In the Young case, treated with d50.1, I find that

c(t) . 0 (0 ≤ t ≤ 23.3)

c(t) , 0 (23.4 ≤ t ≤ 55.5)

c(t) . 0 (55.6 ≤ t ≤ 170.1)

c(t) , 0 (170.2 ≤ t ≤ 200)

These results are in reasonable but not complete
agreement with Dr. Young’s Figure 1. The slight dif-
ferences can be explained only by her polynomial ap-
proximations. Let me recall that a test of correctness
is the relation Σ di fi d'Ed(T)5E(Xn11) (550 in the
Young case).

DONALD A. JONES*

As a longtime Bayesian actuary, I was pleased to see
Equation (3.1) in Dr. Young’s extremely well-written
paper describing her skillful application of mathemat-
ics. That one equation contains the heart of two ac-
tuarial methods that had their roots in Bayesian
theory before the birth of the neo-Bayesian statistics
school. Credibility methods, which started in North
America in the second decade of this century, were
given a Bayesian foundation by Arthur Bailey in 1950,
if not earlier by Keffer (1929). In 1919 Whittaker
(1923) gave a Bayesian interpretation for his gradua-
tion method by starting with (3.1). I date the birth of
the Bayesian statistics school near the publication of
The Foundations of Statistics by Savage in 1954. Of
course such historical dating is subjective (smile), but
I think these are close to the seminal publications.

Again as a longtime Bayesian actuary, I appreciated
the linear credibility estimators when the calculating
tool on my desk was a four-function calculator with-
out an exponential/logarithmic key. I was glad to read
Bailey and others who put a Bayesian foundation un-
der those linear estimators in some cases. However, I
have considered us liberated by the technology explo-
sion of the last quarter of this century. Now that Math-
cad Plus is available, I no longer need to adopt
assumptions to simplify my calculations to a point of
linearity.

*Donald A. Jones, F.S.A., Ph.D., is Director of the Actuarial Science
Program at Oregon State University, 368 Kidder Hall, Corvallis,
Oregon 97331-4605.

As I look at Tables 1 and 2, why would I use any-
thing but the predictive mean? I am using mean
squared error as the measure of the goodness of my
estimators (via some loss function), and I know that
the predictive mean will minimize the expected mean
squared error. Why am I constraining toward linearity
in my estimator? Why do I want to reduce curvature,
which takes me away from my predictive mean?

I congratulate Dr. Young on the excellent mathe-
matics and hope that we can encourage her to turn
her talents to modeling the distributions involved.

REFERENCES

BAILEY, A. L. 1950. ‘‘Credibility Procedures,’’ Proceedings of the
Casualty Actuarial Society XXXVII:7–23.

KEFFER, R. 1929. ‘‘An Experience Rating Formula,’’ Transac-
tions of the Actuarial Society of America XXX:130–39.

SAVAGE, L. J. 1954. The Foundations of Statistics. New York:
John Wiley & Sons.

WHITTAKER, E. T. 1923. ‘‘On a New Method of Graduation,’’ Pro-
ceedings of the Edinburgh Mathematical Society XLI:63–
75.

BJøRN SUNDT*

Dr. Young considers a situation where Xi denotes the
total claims of an insurance policy incurred during the
i-th year the policy is in force. It is assumed that the
Xi’s are conditionally independent and identically dis-
tributed given an unknown random risk parameter Q
that represents unknown risk characteristics of the
policy. Let U denote the distribution of Q (the struc-
ture distribution) and F(z|u) the conditional distribu-
tion of Xi given that Q5u.

After n years the available data are Xn5(X1, . . . ,
Xn)', and the insurance company wants to apply these
data to set the premium for year n11. In credibility
theory one has traditionally applied minimization of
the expected quadratic loss as the optimality crite-
rion; that is, one wants to find a function mz that min-
imizes E (mz (Xn)2Xn11)2, which is equivalent to
minimizing E(mz (Xn)2m(Q))2, where m(Q)5E[Xn11|Q].
The optimal estimator is the Bayes estimator m' n11(Xn)
5E[m(Q)|Xn].

Unfortunately the Bayes estimator has some dis-
advantages. One has to specify the distributions U and
F, and the function m' n11 could have a complicated

*Bjørn Sundt, Dr. Sci. Math., is a senior lecturer in the Department
of Mathematics, University of Bergen, Johannes Bruns gate 12, N-
5008 Bergen, Norway.
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form. Intuitively one would want the premium to be
increasing in the observed claims, but this is not al-
ways the case with the Bayes estimator.

Because of these deficiencies, one often restricts
the class of permitted functions mz to the class of func-
tions that are linear in the observed claim amounts.
The optimal estimator in this class is the credibility
estimator

n k
m̃ (X ) 5 X 1 µn11 n nn 1 k n 1 k

with
n

1 w
X 5 X ; k 5Σn i

i51n l

µ 5 Em (Q); w 5 E Var [X |Q]; l 5 Var m (Q).i

The credibility estimator has an intuitive appeal
and could easily be explained to nonactuarial insur-
ance agents and customers. The premium is a
weighted average of the mean claim amount in the
portfolio and the claim experiences of the policy. It
increases with the average claim amount of the policy;
a policy with high claims should have a high pre-
mium. The weight given to the claim experience
increases with the number of observed years; the
more experience we have, the more weight (credibil-
ity) we can give it. This weight increases with l; the
greater heterogeneity between the policies, the less
we can trust the portfolio mean when setting the pre-
mium for an individual policy. On the other hand, it
decreases with w; the more the claim amounts within
one policy vary from year to year, the less we can trust
the individual experience when setting the premiums.

As pointed out above, to evaluate the Bayes esti-
mator, we need to fully specify the distributions U and
F. However, we see that in the credibility estimator
we need only the structure parameters µ, w, and l. In
practice, one would usually not know the distribu-
tions U and F. However, if we assume that the policies
within the portfolios are independent and have the
same U and F, we can easily estimate the structure
parameters from claim data from the policies within
the portfolio; compare, for example, Sundt (1993).

The deduction of credibility estimators can be ex-
tended to more complicated models, for example,
regression models, and as one restricts the class of
permitted estimators to linear functions of the obser-
vations, the estimators will always depend on the dis-
tributions only through moments of first and second
order; compare Sundt (1993). When saying observa-
tions in the present context, one can of course more

generally consider specified functions of the obser-
vations, for example, letting the credibility estimator
be a linear function of (powers up to a specified order
of) a sufficient statistic.

In her paper, Dr. Young restricts the class of per-
mitted estimators to functions linear in Tn(Xn), where
Tn is a one-dimensional function. She considers two
cases: and the case in which Tn(Xn) is aT (X )5Xn n n

sufficient statistic.
When Tn(Xn) is sufficient, one would normally have

to assume a parametric class for the distribution F. In
this case we have

'E[m(Q)|T (X )] 5 E[m(Q)|X ] 5 m (X );n n n n11 n

that is, the Bayes estimator based on the sufficient
statistic is equal to the Bayes estimator based on the
claim amounts. However, the credibility estimator
based on the sufficient statistic is equal to the credi-
bility estimator based on the claim amounts if and
only if the function Tn is linear.

In traditional credibility theory the desire for line-
arity has been expressed by restricting the class of
permitted estimators to linear estimators. In her pa-
per, Dr. Young takes a different approach. Because
linearity is important for the decision-maker, a desire
for linearity should also be expressed through the loss
function. The author wants to find the function mz that
minimizes

z z2 2E[m(T (X )) 2 m(Q)] 1 hE[m''(T (X ))] . (1)n n n n

The idea is that when mz is linear, then mz ''50, and
thus the term E[mz ''(Tn(Xn))]2 can be interpreted as a
measure of closeness to linearity. The constant h ex-
presses the importance for the decision-maker of close-
ness to linearity as compared to accuracy of the
estimator. Let be the function that minimizes (1).'(h)mn11

Earlier in this discussion I have given arguments for
applying a linear estimator instead of a Bayes esti-
mator, but does a desire for a linear estimator imply
a desire for an estimator close to a linear estimator?
I would say no.

One of the reasons for applying a linear estimator
was simplicity. Linearity represents a true simplifi-
cation, whereas closeness to linearity is no simplifi-
cation; to be linear, or not to be linear—that is the
question. The estimator is likely to be more com-'(h)mn11

plicated than not only the credibility estimator, but
also the Bayes estimator. Although it is more likely
that will be monotonic, the larger the value of h,'(h)mn11

monotonicity is not guaranteed as with the credibility
estimator. The credibility estimator was easy to in-
terpret and explain; that would usually not be the case
with .'(h)mn11
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Another advantage of the credibility estimator was
that it depended on only first- and second-order mo-
ments that could be estimated from portfolio data. To
evaluate , one would have to specify U and F.' (h)m n11

Furthermore, even under parametric assumptions,
it does not seem possible to obtain explicit expres-
sions for analytically. The author suggests a nu-' (h)m n11

merical procedure. To apply that procedure, one has
to assume that the support of F is restricted to a finite
interval, and one also has to restrict the class of per-
mitted estimators to the class of polynomials of a
specified order. In her examples the author applies
order five. But as far as I can see, there is no point in
having an estimator in the shape of a polynomial of
order five close to a linear estimator unless it is a
linear estimator itself. Consequently one could just as
well find the optimal estimator according to minimi-
zation of expected quadratic loss when the class of
permitted estimators is restricted to polynomials of
order five.

When restricting the class of permitted estimators
to polynomials in Tn(Xn) of a specified order, the ques-
tion is what order to choose. A lower order gives a
simpler estimator, whereas a higher order implies a
lower expected loss. It is therefore interesting to study
how much the loss will increase when we restrict the
class to polynomials of a lower order. Such problems
have been discussed by Neuhaus (1985).

At the end of Section 1 I indicated the possibility
of generalizing the deduction of credibility estimators
to more complicated models. Considering the com-
plications that occur already in the simple case, I be-
lieve that a generalization of the new approach to
more complicated models, for example, Hachemeis-
ter’s (1975) regression model, will be prohibitively
complicated.

My opinion, based on the criticisms raised in this
discussion, is that this new approach does not appear
to be a fruitful development of credibility theory.
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GREGORY C. TAYLOR*

The paper involves two very distinct ideas, as re-
flected in its title. These are:
• The use of sufficient statistics to maximize efficiency

of a credibility estimator
• Compromising between estimation efficiency and

smoothness in the choice of a credibility estimator.
In each case there are tracts of the literature that war-
rant discussion.

In relation to the first idea, the author makes pass-
ing reference to Taylor (1977) but does not mention
the central result of that work. That result stated es-
sentially that the most efficient credibility estimators
are those based on sufficient statistics. This foretells
the author’s rather empirical conclusion in the Ab-
stract that ‘‘functions of sufficient statistics prove to
be better credibility estimators than functions of the
sample mean.’’

To explore the second main idea of the paper, the
author introduces (3.1), a composite loss function re-
flecting both estimation efficiency and smoothness.
The title of the paper attributes this to spline theory,
but many actuaries would be more familiar with it
from Whittaker graduation.

This subject has recently been taken up in a short
sequence of papers by Taylor (1992) and Verrall
(1995, 1996). These papers provide a Bayesian inter-
pretation of Whittaker graduation, thus placing it in
the same setting as that from which credibility theory
is derived.

One interesting result of this interpretation of Whit-
taker graduation is a precise meaning of the relativity
constant. This is the Whittaker counterpart of the
parameter h in the author’s (3.1).

Taylor considers the situation in which {E[Xm|u],
m51, 2, . . . , n} (in Young’s notation) has a prior dis-
tribution for which D2E[Xm|u];N(0, t2). Then the
Whittaker graduation, essentially the same as Young’s
estimator based on (3.1), is an asymptotic (large sam-
ple) MLE of the Bayesian posterior distribution of
E[Xn11|u] if h is chosen as s2/t2, where

2s 5 V[X |u],m

assumed independent of m.
In other words, there is a reasoned way of choosing

Young’s h; it is related to the inherent smoothness of
the sequence E[Xm|u] under consideration.

Verrall (1995) has extended Taylor’s results. He
shows that Taylor’s Bayesian version of Whittaker

*Gregory C. Taylor, F.I.A., F.I.A.A., Ph.D., is with Tillinghast-Towers
Perrin, Level 16, MLC Centre, 19-29 Martin Place, Sydney, NSW
2000, Australia.
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graduation (of a set of mortality rates by age) is equiv-
alent to application of a linear filter to the empirical
rates and a particular order of differences of those
rates. The sequence of differences is interpreted as a
realization of a randomly varying parameter.

Translation of these results to Young’s case means
that her estimate from (3.1) with h5s2/t2 is thed(x)
same as would be obtained by applying the Kalman
filter to the state space vector (Xm, um, bm) where

2X |u ; N(u , s )m m m

u 5 u 1 bm m21 m

b 5 b 1 nm m21 m

2n 2 N(0, t ).m

Subsequently, Verrall (1996) has shown how this
filter (equivalently Young’s credibility formula) may
be implemented within a generalized linear model
framework.
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AUTHOR’S REPLY

VIRGINIA R. YOUNG

I thank the four discussants for their useful contri-
bution to my work. I especially thank Dr. De Vylder
for showing how to approximate the solutions to the
boundary-value problems of my paper. His method
yields more accurate results than the method I used,
which is based on Bernstein-Bezier polynomials. I also
thank Dr. Taylor for connecting his and Verrall’s work
in graduation to my loss function.

As a technical note, the optimality of functions of
a sufficient statistic generally follows from Jensen’s in-
equality as applied in the Rao-Blackwell theorem for
a convex loss function, such as squared-error loss.
Also, substituting the predictive mean for the condi-
tional mean in squared-error loss results in the same
minimizing solution d when d is a function of a suf-
ficient statistic or the sample mean.

In response to the comments of Dr. Sundt and Dr.
Jones: I introduce the loss function in Equation (3.2)
for two reasons: An actuary may have evidence from
two sources for choosing a credibility function. The
first source is claim data itself, and the actuary may
find that expected claims can be regressed as a linear
function of a statistic, such as the sample, geometric,
or harmonic mean. The second source is the actuary’s
subjective belief that the claims follow certain para-
metric loss distributions, such as the lognormal-log-
normal or inverse gamma-gamma. To balance these
sources of information, the actuary may wish to min-
imize the loss function I propose in Equation (3.2).

I also have a second motive for introducing such a
loss function. I want to encourage actuaries to con-
sider loss functions other than simple squared-error
loss functions. In general, an actuary has goals other
than accuracy, as embodied by squared-error loss.
Those goals may include maximizing profit while
maximizing the amount of business written. See
Young (1996) in which I propose a loss function that
balances these two conflicting goals. Also, an actuary
may wish not to penalize too greatly those insureds
who have had very poor experience. Minimizing the
following loss function may aid in achieving this goal:

b b
2 2* (m(t) 2 d(t)) f(t)dt 1 h* (d '(t)) dt,

a a

in the notation of Equation (3.2). The squared-error
term constrains the credibility formula d to be accu-
rate, while the first-derivative penalty constrains d to
be close to a constant and thus not penalize unlucky
insureds.* Finally, Sundt (1992) proposes a loss func-
tion that blends the goals of accuracy and stability of
premium from one period to the next. I encourage the
reader to consider such alternative loss functions in
developing credibility premiums.
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Additional discussions on this paper can be sub-
mitted until July 1, 1998. The author reserves the
right to reply to any discussion. See the Submission
Guidelines for Authors for detailed instructions on
the submission of discussions.

*I am grateful to Dr. De Vylder for suggesting this loss function.
Applying it in credibility theory is the subject of my current research
with Dr. De Vylder.


